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- f, g: state transition
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F(x¢-1,0) + vy, function
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We are interested in systems can be represented by Markov state-space
dynamical models:
- f, g: state transition
function and observation
F(x¢-1,0) + vy, function
g(xt,0) + rt, - vy, ry: state and
observation noises

Xt

Y

In terms of a set of relevant probability density functions (pdfs):
® Prior pdfs: 8 ~ p(0) and xo ~ p(xo)
® Transition pdf of the state: x; ~ p(x¢|x¢-1,6)

® Conditional pdf of the observation: y, ~ p(y,|x:,0)
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State estimation
Classical filtering methods:

Bayesian estimation of the state variables, p(x:|y;.,0"), assuming
0" is known.

Every time step t:
1. Predictive distribution:

P(Xt|}’1:t—170*):/P(Xt|xt—1>6*)P(Xt—1|Y1:t—170*)dxt (1)

2. Likelihood: p(y,|x:, 60%)
3. Posterior/filtering distribution:

P(xtly 1, 07) o< (yelxe, 07)p(xely1e-1,0") ()

In practice, 8" is not known. It is needed to
estimate both 0 and x;, i.e., p(x:,0|y.;).
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State-of-the-art methods

Methods for Bayesian inference of both 8 and x;:
* particle Markov chain Monte Carlo (PMCMC)*
* sequential Monte Carlo square (SMC?)?
* nested particle filters (NPFs)3

1 Andrieu, Doucet, and Holenstein 2010.
2Chopin, Jacob, and Papaspiliopoulos 2013.
3Crisan and Miguez 2018.
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State-of-the-art methods

Methods for Bayesian inference of both 8 and x;:
* particle Markov chain Monte Carlo (PMCMC)*
* sequential Monte Carlo square (SMC?)?
* nested particle filters (NPFs)3

— They can quantify the uncertainty or estimation error.

—— They can be applied to a broad class of models.

— They provide theoretical guarantees.

—> Both PMCMC and SMC? are batch techniques, while the NPF
is a recursive method.

1 Andrieu, Doucet, and Holenstein 2010.
2Chopin, Jacob, and Papaspiliopoulos 2013.
3Crisan and Miguez 2018.
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Model inference

We aim at computing the joint posterior pdf p(0, x¢|y;.,), that can be
written as
p(x¢,0ly1.c) = p(xel0,y1.) p(6ly1.)
—
2" |ayer 1% layer

— The key difficulty in this class of models is the Bayesian estimation
of the parameter vector 6.
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Model inference
At every time step t:

st
p(Oly1:e-1) 1 layer

———
Pred. pdf of 6@

p(yt|07y1:t71)

p(0|y1:t) o< p(yt‘e‘ yl:t—l)p(0|y1:t—1)
—_—
Post. pdf of 6
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Model inference
At every time step t:

Conclusions

p(Oly1.s-1)

———
Pred. pdf of 6@

P(Yel0,y1.e1) = [ P(yelxe,0)p(x:|6,y1.c1)dx:

p(0|y1:t) o< p(yt‘e‘ yl:t—l)p(0|y1:t—1)
—_—
Post. pdf of 6

1% layer
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Model inference
At every time step t:

st
P(Bly1::1) 17 layer

———
Pred. pdf of 6@

Filtering (given 0)

p(x¢l6.y1.0-1)
—_——
Pred. pdf of x

p(yt|xt70)

p(xt|07y1:t)
——
Post. pdf of x 2nd Iayer
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At every time step t:
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Model inference
At every time step t:

st
p(Oy1:e-1) 1 layer

———
Pred. pdf of 6@

Filtering (given 0)

p(xtl0,y1.-1) = f p(x¢t|xt-1,0)p(x¢-1]0, y1.0-1) dXt-1
—_—
Pred. pdf of x

p(yt|xt70)

p(xe[0,y1.0) o< p(yelxe, @) p(x¢]0, y1.-1)
S —
Post. pdf of x 2nd Iayer

P(Yel0,y1.e1) = [ P(yelxe,0)p(x:|6,y1.c1)dX:

p(Olyi.) o< p(yel0,y1.0-1)p(Oly1:-1)
—_—
Post. pdf of 6
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Naive importance sampling approximation

Initialisation: Draw {0'}/’\5’1 from p(0)

At t>1 and for every 8, i=1,..., Np: SMC (Ng samples)
to approximate p(0|y.;)

Forj=1,..., Nx: SMC (N samples)
to approximate p(y|y. 1,6')

- Draw )_('tj ~ p(Xt\eiJLt—l)
- Weights: L"li’j o< P(Yt|’_‘i’j79i)
- Resampling: for m=1,... Ny, x4 = X"

with prob. u)™ = —pt—
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Naive importance sampling approximation

Initialisation: Draw {6 }

from p(0)

At t > 1 and for every o' ,

SMC (Ng samples)
to approximate p(0|y.;)

i=1,...,Ng:

Forj=1,...,

- Weights: L"li’j

N,

- Draw )_('tj ~ p(Xt\eiJLt—l)

- Resampling: for m=1,..

SMC (Nx samples)
to approximate p(y,[yy.,1,6")

~ |

Wi

- Likelihood of @':

o< p(y /%, 6")
Nx, X = xpm
with prob. u}™ = Zi’i;ﬁj
= Wt 1(/\% ZJN1L7{~’J)
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Naive importance sampling approximation

Initialisation: Draw {0} from p(0)

At t > 1 and for every o' ,

i=1,...,Ng:

SMC (Ng samples)
to approximate p(0|y.;)

Forj=1,...,Ny:

- Draw )_('tj ~ p(Xt\eiJLt—l)

SMC (Nx samples)
to approximate p(y,[yy.,1,6")

- Weights: i;? o p(y,|%;7,0")
- Resampling: for m=1,.. Nx, xiJ = xbm
with prob. ut = Z,Az% e
- Likelihood of 6': W] = wi_;(7- %% i)

- Then, p(Bly,.) = X, lwtde,(dg) with w/ =
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Naive importance sampling approximation

e Careful with p(0): after several time steps the filter degenerates

* Possible solution: drawing {0’} ~ p(8]y;., ;) at each time step —
re-running from scratch the filter for x (i.e., not recursive anymore)
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Naive importance sampling approximation

Careful with p(8): after several time steps the filter degenerates

* Possible solution: drawing {0’} ~ p(8]y;., ;) at each time step —
re-running from scratch the filter for x (i.e., not recursive anymore)

NPF — jittering: éi ~ kN, (d6]0"), where
KN, (d0)0") = (1 - ep, ) o (0) + en, x(d6]0")

° 0< Eng < ﬁ
* x(d0)6") is an arbitrary Markov kernel with mean 8’ and finite
variance, e.g., x(d6]0") = N'(0]6’,5%1), with 52 < co.

® Guarantees convergence to the true posterior when N — oo
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Nested particle filter (NPF)*

Fori=1,...,Ng:
- Jittering: Draw 8, ~ ki, (d6|6]_,)

SMC (Ng samples)
to approximate p(0|y;.;)

Given 8, for j=1,..., Ny

- DraW )_(;.»d ~ p(xt‘é’tayl:t—l)

SMC (N samples)
to approximate p(y |y, 1.0;)

- Weights: ;7 o p(y,|%;’, 0,
- Resampling: for m=1,..., Ny,

with prob. u}™

)

~ij _ —i,m

Xy =Xy
~ium

Uy

Nx misj
2%

L —— —
- Likelihood of 8,: W] = A Zj’\ixl i’

- Resampling: for /=1,..., Ng, {0;, {xi’j}lgjgj\[x} = {élt, {)?It’j}lgjgl\,x}
with prob. wy, so that p(6lyy.,) = - %14 Jg; (d6)

4Crisan and Miguez 2017.
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Family of nested filters

1. Nested particle filters (NPFs)°.

® Both layers — Sequential Monte Carlo (SMC) methods
High computational complexity: Ng x N,

5Crisan and Miguez 2018.
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Family of nested filters

1. Nested particle filters (NPFs)°.

® Both layers — Sequential Monte Carlo (SMC) methods
High computational complexity: Ng x N,
2. Nested hybrid filters (NHFs)®.

® O-layer — Monte Carlo-based methods (e.g., SMC or SQMC)
® x-layer — Gaussian techniques (e.g., EKFs or EnKFs)

3. Nested Gaussian filters (NGFs)’.

® O-layer — Deterministic sampling methods (e.g., UKF).
® x-layer — Gaussian techniques (e.g., EKFs or EnKFs).

5Crisan and Miguez 2018.
5Pgrez-Vieites, Marifio, and Miguez 2017.
"Pérez-Vieites and Miguez 2021.
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Reducing number of particles online

Problem: Great amount of samples (Ng x N,) and waste of
computational effort when they are not well chosen.

Possible approach: reducing automatically the number of samples, Ny,
when the performance is no longer compromised.

We studied the case for a nested Gaussian filter that implements:

* Quadrature Kalman filter (QKF) in the 8-layer, with
No =a% a>1.

The hyperparameter o will depend on t, so the num-

ber of samples is now defined as Ng ; = af".
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Adaptive reduction rule
New statistic to decide when to reduce N ;:

1 - n P(YelY1e1,07)

Pt = ﬁ with Sy = N .
% (50)? 5 P(Yely1e-1:07)

The statistic takes

® jts minimum value in p; =1, which occurs when only one
p(Yl¥1:e-1,07), for n=1,..., Ny, is different from zero; and

® its maximum value in p; = Np ;, when for all n=1,..., Ng s, the
evaluations p(y,|yy.,_1,07) are equal.
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Adaptive reduction rule
New statistic to decide when to reduce N ;:

1 - n P(YelY1e1,07)

Pt = ﬁ with Sy = N .
% (50)? 5 P(Yely1e-1:07)

The statistic takes

® jts minimum value in p; =1, which occurs when only one
p(Yl¥1:e-1,07), for n=1,..., Ny, is different from zero; and

® its maximum value in p; = Np ;, when for all n=1,..., Ng s, the
evaluations p(y,|yy.,_1,07) are equal.

The adaptive reduction rule:

° If 7~ >1-¢ (p: is close to its maximum value),
st

Ne,¢+1 = (o — 1)d9 < Neg,t, with Ng t11 > Nnin.

® Otherwise, Ng’t_,.l = Ng,t.
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Numerical results - Lorenz 63

We consider a stochastic Lorenz 63 model, whose dynamics are described
by
® the state variables x; with
dimension d, = 3,

® the static parameters
6=[S,R,B]" and

® the following SDEs

dxi = [-5(x1 — x2) ]dT + odvy, = o
dxa = [Rx1 — x2 — x1x3]dT + odva,
dxz = [x1x2 — Bx3]dT + odvs,
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Numerical results

® Applying a discretization method with step A, we obtain

X1,t+41 = X1t — AS(Xl,t - Xz,t) + \/ZUVI,n
X2 t+1 = X2t + A[(R - X3,t)X1,t - X2,t] + \/ZUVZ,t,

X3,041 = X3¢ + A(X X0t — Bx3 1) + VAoV ¢,

® \We assume linear observations of the form

where k, is a fixed known parameter and r; NN(rt|0,U}2,12).
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Numerical results®

— EnKF (state-augmentation) —— UKF (state-augmentation)
UKF-EKF (NGF) —— SMC-EKF (NHF)

107!
. | . 107! 1
s 1072k ER i
w : 1w
=z 107} 1 = 107

—4 L | | | -5 7
10 0 10 20 30 40 10 0 10 20 30 40
T T

— The nested schemes outperform the augmented-state methods.

— The UKF-EKF is three times faster than SMC-EKF.

8Pérez-Vieites and Miguez 2021.
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Numerical results®

1071
i - QKF-EKF
i —+— Adaptive QKF-EKF
o |
L
(0p]
a |
=2
N = 64
-2 | | | | I | | | |
107345 10 20 30

time (minutes)

1. QKF-EKEF for different fixed Ng = {8,27,64}.
2. Adaptive QKF-EKF with Ng 1 = 64.

9Pérez-Vieites and Elvira 2023.
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Conclusions

1. The nested methodology is online and flexible. It admits different
types of filtering techniques in each layer, leading to a set of
algorithms.
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Conclusions

1. The nested methodology is online and flexible. It admits different

types of filtering techniques in each layer, leading to a set of
algorithms.

2. For a further reduction of the computational complexity. Automatic
reduction of Ny when points become less informative — reduction
of cost for a given performance.
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